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for any family (A t ) t≥0 ∈ L 1 (Ω, µ), (B t ) t≥0 ∈ L ∞ (Ω, µ) provided (T t ) t≥0 does not increase or decrease "too fast". As an application, we prove a duality inequality for H 1 − BMO spaces associated with general subordinated Poisson semigroups.
All the results are proved in a more general setting, that is for (B t ) t≥0 and (A t ) t≥0 being families of elements of a semifinte von Neumann algebra M and its predual M * and (T t ) t≥0 being semigroups of completely positive operators on M.
Intruduction
Many classical Harmonic analysis results have been extended to more general settings considering objects on non Euclidean spaces, locally compact groups, von Neumann algebras. But we normally miss such extension for the objects which essentially relates to the geometric structure of Euclidean spaces. For examples, various integrals on cones (or sectors) and cubes are used very often as powerful techniques in classical analysis. But they usually do not have satisfied analogues in the abstract case. Tent spaces turn out to be a typical example involving with integrals on cones and cubes. We hope the study on general Tent spaces can be a good starting point of finding right alternates of techniques involving integrals on cones and cubes.
Tent spaces were introduced by Coifman, Meyer and Stein in 1980's (see [CMS] ) and well adapted for the study of many subjects in the classical analysis. One of the related subjects is Fefferman's H 1 − BMO duality theory which is missing in the context of semigroups in general. In a recent remarkable work of Doung and Yan (see [DY] ), a H 1 − BMO duality theory was proved for general Markov semigroups instead of the classical Poisson semigroups. However, their results and proofs are limited to semigroups of L p spaces on Euclidean spaces R n . Another related subject is the equivalence between the L p norm of a function f and its Lusin integral S(f ) (see section 1.1 for its definition). An alternate of S(f ) is the Littlewood-Paley function G(f ). The equivalence of the L p norm of a function f and G(f ), S(f ) is usually called the Littlewood-Paley theory. In many case, the role of S(f ) is essential and can not be replaced. For example, to prove the H 1 − BMO duality, one has to consider S(f ) if his achieve passes through the Carlson measures. In this article, we define Tent spaces by considering semigroups of operators, which takes the role of the integration on "cones" and "cubes". We show that the classical duality inequality for those spaces still holds if the based semigroup does not increase or decrease too fast. As an application, we get the analogue of the classical H 1 − BMO duality inequality for general subordinated Poisson semigroups.
In the recent works of Le Merdy, Junge and Xu, (see [LMX] , [JX2]), they considered Markov semigroups on noncommutative L p spaces and deeply studied the correspondent maximal ergodic theory and Hardy spaces. By using the square functions studied in [LMX], Junge obtained certain nice results of noncommutative Riesz transforms in his recent paper [J2] , which can be seen as a complementary to the previous remarkable work of , [LP2], [LP3]). We hope our study on general Tent spaces can be helpful in the study of noncommutative Riesz transforms since this is the case in the classical situation. In fact, in Stein's book [St2] , various square functions are used as the main tools to prove the boundedness of Riesz transforms. This motivates us to write down our paper in the noncommutative setting. As well known, all commutative L p spaces (such as those on a Lie groups) are special examples of noncommutative L p spaces and all positive operators on commutative spaces is automatically completely positive.
We do not assume our semigroups admits Markov dilations. We do not assume they have kernels either. These 2 assumptions are true automatically in the classical setting and are used as powerful tools in the study of semigroups (see the works of Varoupolous [V1] and Meyer [Mey] on related subjects). It is still unknown whether we have them for free in the noncommutative setting.
Preliminaries

Tent spaces on
where Γ 0 x is the cone on the upper half plane starting at the point (x, 0):
For 1 ≤ p < ∞, the Tent spaces T p is defined as
The Tent space T ∞ is defined as
It was proved in [CMS] that, for 1 ≤ p < ∞,
= 1, we have the duality
And for 2 ≤ p < ∞, we have the equivalence
In particular, if we set F (s, y) = y∇G(s, y)
with G being the Poisson integral of a function g defined on R, then
Note the equivalence ||S(g)|| Lp ≃ ||g|| Lp , for 1 < p < ∞ implies the boundedness of the Riesz transform R on L p :
The reason is that S(R(g)) = S(g), since the Riesz transform R is defined to satisfy
The question now is how to define Tent spaces for general L p spaces, for example,
Markov semigroups of operators
Given a measure space (Ω, σ, µ), recall that a symmetric Markov semigroup is a semigroup of operators (
The conditions above also implies T y is positive preserving for each y, i.e.
The Classical Heat semigroups on R n is a typical example of Markov semigroups, that is
The Classical Poisson semigroups R n is another popular example,
(1.2)
Tent spaces associated with Markov semigroups
Let (T y ) y≥0 be a Markov semigroup of operators on L p (Ω, σ, µ) and (f y ) y≥0 be a family of functions in L p (Ω, σ, µ).
And for 2 < p ≤ ∞, we define
And set Tent spaces T (Ty) p be the completion of the set of all (f y ) y with ||(f y ) y || T (Ty ) p < ∞.
Defintion 1.1 is adapted to the classical ones because of the following observation.
Observation We can see a family of measurable function (f y ) y on R as a function
where
Note we can rewrite A 0 and A k as
If we set
with (T y ) y≥0 being a family of convolution operators with smooth kernels k y such that
and k y (s) ↓ fast enough as |s| ↑, in particular, k y can be the heat kernel K y 2 , that is
we have
with c k ↓ 0 very fast as k ↑. Therefore, by (1.3),
We'd like to look for appropriate conditions of the semigroups such that the associated Tent spaces behave as the classical ones.
Note the classical Poisson semigroups on R n defined as ( 1.2) is quasi-decreasing with α = 1.
Note the classical Heat semigroups on R n given as (1.1) is quasi-increasing with α = n/2.
The main results of this paper is the following: Theorem 1.1 For (T y ) y satisfying the quasi-decreasing condition or the quasiincreasing condition, we have T
That is
Theorem 1.2 For quasi-increasing or quasi-decreasing semigroups (T y ) y , we have
if and only if
By (1.7), we mean, for any linear functional l on T
One can verify by calculation that the classical Heat semigroups satisfy the condition (1.8).
As explained in the introduction, we are going to prove Theorem 1.1 and 1.2 in the noncommutative setting. We need more preliminaries for this purpose.
Noncommutative L
p spaces and Markov semigroups of completely positive operators.
Let M be a von Neumann algebra equipped with a normal semifinite faithful trace τ . Let § + be the set of all positive x ∈ M such that τ (supp(x)) < ∞, where supp(x) denotes the support of x, i.e. the least projection e ∈ M such that ex = x. Let § be the linear span of S + . Note that § is an involutive strongly dense ideal of M. For 0 < p < ∞ define
where |x| = (x * x) 1/2 , the modulus of x. One can check that · p is a norm or p-norm on § according to p ≥ 1 or p < 1. The corresponding completion is the noncommutative L p -space associated with (M, τ ) and is denoted by L p (M). By convention, we set L ∞ (M) = M equipped with the operator norm. The elements of L p (M) can be also described as measurable operators with respect to (M, τ ). We refer to [PX] for more information and for more historical references on noncommutative L p -spaces. In the sequel, unless explicitly stated otherwise, M will denote a semifinite von Neumann algebra and τ a normal semifinite faithful trace on M.
We say an operator T on M is completely contractive if T ⊗ I n is contractive on M ⊗ M n for each n. Here, M n is the algebra of n by n matrices and I n is the identity operator on M n . We say an operator T on M is completely positive if T ⊗I n is positive preserving on M ⊗ M n for each n. Let T be a normal contraction on M. We say T is selfadjoint if
In this case, T extends to a normal contractive operator on L p (M) for all 1 ≤ p ≤ ∞. We say a semigroup of self adjoint normal completely contractive operators (T y ) y≥0 on M is a noncommutative Markov semigroup if (i)T y (1) = 1, (ii)T y is trace preserving, i.e. τ (x) = τ T (x) for all x ∈ L 1 (M), and (iii)T y (f ) → f in the weak * topology of M as y → 0+ for f ∈ M. These conditions also implies T y is completely positive and T y is self adjoint on L 2 (M). We refer the readers to Chapter 5 of [JMX] for more detailed information of noncommutative Markov semigroups.
It is fundamental that all (commutative) Markov semigroups on measurable spaces (Ω, µ) defined in section 1.2 are noncommutative Markov semigroups by setting M = L ∞ (Ω, µ). And we define the Tent spaces associated with noncommutative Markov semigroup in the same way as for (commutative) Markov semigroups. For p > 2, the corresponding maximal L p norm should be understood in the sense of Pisier and Junge's noncommutative maximal L p norms (see [P1] and [J1] ). We will need the following Kadison-Schwarz inequality for positive operator T on
We also need the the following lemma of C. Lance.
2 Proof of the Main Results.
The noncommutative version of Theorem 1.1 is Theorem 2.1 For (T y ) y≥0 satisfying the quasi-decreasing condition or the quasiincreasing condition, we have
Proof. (i) We first prove the theorem for semigroups (T y ) y satisfying the quasidecreasing property (1.5) with some α > 0. We need the following truncated square functions S s , S s in our proof of the Theorem:
3)
The square functions S s , S s are chosen to satisfy the following Lemma.
Proof of Lemma: (2.4) is obvious. For (2.5), we have
Divide by △s both sides, we get the first inequality of (2.5). For the second inequality of (2.5), by the quasi-decreasing property of (T y ) y , we have
Note, for y ≥ s, (y + △s)
Therefore, by (1.9),
Taking △s → 0, we prove the second inequality of (2.5). Now, by Lemma 1.3, 2.2 and Cauchy-Schwarz inequality,
with S s , S s defined as in (2.2). For I, we have
For II, by (2.5), we have
Combining the estimates of I and II, we get
We prove the theorem for quasi-decreasing semigroups.
(ii) Now assume (T y ) y satisfy the quasi-increasing property with α > 0, we use the same idea and the proof is simpler. We need construct different truncated square functions S s , S s :
Lemma 2.3
Proof of the Lemma. The inequality (2.7) is obvious by the quasi-increasing property of (T y ) y. We only need to prove (2.8). For the first inequality of (2.8), by (1.9),
To prove the second inequality of (2.8), by the quasi-increasing property of (T y ) y , we have (2y − s − △s)
for any y ≥ s 2 + △s. Then,
Divide by △s both sides and take △s → 0, we prove the second inequality of (2.8).
The rest of the proof of Theorem 2.1 for quasi-increasing semigroups is the same as that for quasi-decreasing semigroups given in (i) except we will have
We now prove the following noncommutative version of Theorem 1.2.
Theorem 2.4 Suppose semigroup (T y ) y is quasi-increasing or quasi-decreasing. Then 
We get
We need to prove that
Assume (T y ) y is quasi-decreasing. For every t fixed,
By (1.9), we have
Using (2.9), we get
Combine (2.14) and (2.13) we get 15) for (T y ) y quasi-decreasing. Taking Supremum over t, we prove (2.11) and (2.10). For (T y ) y quasi-increasing, we can get (2.11) by the same procedure starting with L∞ . Now assume (2.10), we go to prove the necessariness of (2.9). Let t (y) where δ t is the unit direc-Delta function of the variable y. By (2.10), we have
And the proof of the theorem is complete. Subordinated Poisson semigroups satisfy the quasi-decreasing condition For a symmetric Markov semigroup (T y ) y with a generator L (i.e. T y = e yL ), consider the subordinated semigroup
Note P y is chosen such that
It is well known that
We can see that P y y (f ) ↓ as y ↑ for any positive f. Let (T y ) y be the classical Heat group defined as in (1.1), we recovered the duality between the classical T 1 and T ∞ by Theorem 1.1, 1.2 (or Theorem 2.1, 2.3).
H
Consider Poisson Semigroups (P y ) y subordinated to a noncommutative Markov semigroup (T y ) y . We can define a BMO norm associated with (P y ) y as follows
Let Γ be the carré du champs associated with the generator L, i.e.
We will also consider Γ the carré du champs associated with the new generator L = L + ∂ 2 ∂s 2 . By the definition (3.1), we can see
Proof. (3.2) can be proved by considering the derivative of e sL (|e (t−s)L x| 2 ) with respect to s and letting t, s → 0. (3.3) can be seen by (2.16).
For a pair of element f ∈ M * , ϕ ∈ M, we can set
In the following, we give an analogue of the classical relation between Tent spaces T ∞ and the BMO spaces. Theorem 3.2
Lemma 3.3 For any y ≥ 0, we have
Proof. Fix y, we have
τ P s+y (z) sy s + y Γ(P 3s ϕ, P 3s ϕ) sy s + y ds 
Taking the supremum on y, we prove the Lemma.
Proof of Theorem 3.2 We now go to prove
By the previous proposition, we have | ∂Ps ∂s
Replacing ϕ by ϕ − P 7y ϕ in the inequality above, we get The Theorem is proved.
Remark 3.3 Assume the condition Γ 2 ≥ 0, we can replace | ∂Ps ∂s ϕ| 2 in (3.4) with Γ(P s ϕ, P s ϕ).
As a consequence of Theorem 1.1, 3.2, we have Once again, if here (T y ) y is the classical Heat semigroup on R n , ||S(f )|| L 1 is equivalent to the Hardy space H 1 norm of f and ||ϕ|| BM O Py is equivalent to the classical BMO norm of ϕ. And we recovered the duality inequality for the classical H 1 and BMO.
To prove the corollary, we see for (T y ) y satisfying the quasi-increasing condition, We get (3.5).
